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A NOTE ON BOOLE POLYNOMIALS WITH q-PARAMETER
DAE SAN KIM, YU SEON JANG, TAEKYUN KIM, AND SEOG-HOON RIM,
Abstract. Recently, Boole polynomials have been studied by Kim and Kim
over the p-adic number field. In this paper, we consider a q-extension of Boole
polynomials by using the fermionic p-adic integrals on Zp and give some new
identities related to those polynomials.
1. Introduction
Let p be a fixed odd prime number. Throughout this paper, Zp, Qp and Cp will
denote the ring of p-adic integers, the field of p-adic numbers and the completion of
algebraic closure of Qp. The p-adic norm | · |p is normalized as |p|p = 1/p. Let C(Zp)
be the space of continuous functions on Zp. For f ∈ C(Zp), the fermionic p-adic
integral on Zp is defined by Kim to be
(1) I(f) =
ˆ
Zp
f(x)dµ−1(x) = lim
N→∞
pN−1∑
x=0
f(x)(−1)x, (see [11]).
From (1), we have
(2) I−1(fn) = 2
n−1∑
x=0
(−1)n−1−af(a) + (−1)nI−1(f).
Let us assume that q is an indeterminate in Cp with |1− q|p < p
−1/(p−1). The Stirling
number of the first kind is defined by
(3) (x)n =
n∑
ℓ=0
S1(n, ℓ)x
ℓ, (n ≥ 0),
and the Stirling number of the second kind is given by
(4) xn =
n∑
ℓ=0
S2(n, ℓ)(x)ℓ, (n ≥ 0), (see [9, 16]).
The Boole polynomials are defined by the generating function to be
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(5)
∞∑
n=0
Bln(x|λ)
tn
n!
=
1
1 + (1 + t)λ
(1 + t)x, (see [9, 16]).
In [9], Kim and Kim gave a Witt-type formula for Bln(x|λ) over the p-adic number
field as follows:
(6)
ˆ
Zp
(x+ λy)ndµ−1(y) = 2Bln(x|λ), (n ≥ 0),
where λ ∈ Zp and (x)n = x(x− 1) · · · (x− n+ 1).
Let us define the q-product of x as follows:
(7) (x)n,q = x(x− q)(x − 2q) · · · (x− (n− 1)q), (n ≥ 0).
As is known, the Euler polynomials are defined by
(8)
2
et + 1
ext =
∞∑
n=0
En(x)
tn
n!
, (see [1− 20]).
When x = 0, En = En(0) are called the Euler numbers. From (2), we have
(9)
ˆ
Zp
e(x+y)tdµ−1(y) =
2
et + 1
ext =
∞∑
n=0
En(x)
tn
n!
.
In this paper, we consider a q-extension of Boole polynomials by using the fermionic
p-adic integrals on Zp and give some new identities of those polynomials.
2. Boole polynomials with q-parameter
In this section, we assume that t ∈ Cp with |t|p < p
−1/(p−1)|q|p and λ ∈ Zp. Now,
we consider the Boole polynomials with q-parameter as follows:
(10) Bln,q(x|λ) =
ˆ
Zp
(x+ λy)n,q dµ−1(y), (n ≥ 0).
Thus, by (10), we get
Bln,q(x|λ) =
n∑
ℓ=0
S1(n, ℓ)q
n−ℓλℓ
ˆ
Zp
(x
λ
+ y
)ℓ
dµ−1(y)
=
n∑
ℓ=0
S1(n, ℓ)q
n−ℓλℓEℓ
(x
λ
)
.
(11)
From (2) and (10), we can derive the generating function of Bln,q(x|λ) as follows:
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∞∑
n=0
Bln,q(x|λ)
tn
n!
=
∞∑
n=0
ˆ
Zp
(x+ λy)n,qdµ−1(y)
tn
n!
=
∞∑
n=0
qn
ˆ
Zp
(x+λy
q
n
)
dµ−1(y)t
n
=
ˆ
Zp
(1 + qt)
x+λy
q dµ−1(y)
=(1 + qt)
x
q
(
2
(1 + qt)λ/q + 1
)
.
(12)
Therefore, by (12), we obtain the following theorem.
Theorem 2.1. Let F (t, x|λ) =
∑
∞
n=0Bln,q(x|λ)
tn
n! . Then we have
F (t, x|λ) =
(
2
(1 + qt)λ/q + 1
)
(1 + qt)x/q.
By replacing t by (et − 1)/q in (12), we get
∞∑
n=0
Bln,q(x|λ)q
−n (e
t − 1)n
n!
=
2
eλt/q + 1
e
x
q
t
=
∞∑
n=0
En
(x
λ
)(λ
q
)n
tn
n!
(13)
and
∞∑
n=0
Bln,q(x|λ)q
−n (e
t − 1)n
n!
=
∞∑
n=0
Bln,q(x|λ)q
−n
∞∑
m=n
S2(m,n)
tm
m!
=
∞∑
m=0
{
m∑
n=0
Bln,q(x|λ)
S2(m,n)
qn
}
tm
m!
.
(14)
Therefore, by (13) and (14), we obtain the following theorem.
Theorem 2.2. For m ≥ 0, we have
λmEm
(x
λ
)
=
m∑
n=0
Bln,q(x|λ)q
m−nS2(m,n),
and
Blm,q(x|λ) =
m∑
ℓ=0
S1(m, ℓ)q
m−ℓλℓEℓ
(x
λ
)
.
Note that limq→1 Bln,q(x|λ) = 2Bln(x|λ), (n ≥ 0). When x = 0, Bln,q(λ) =
Bln,q(0|λ) are called the q-Boole numbers.
Now, we consider the q-Boole polynomials of the second kind as follows:
4 D. S. KIM, Y. S. JANG, T. KIM, AND S.-H. RIM,
(15) B̂ln,q(x|λ) =
ˆ
Zp
(−λy + x)n,qdµ−1(y), (n ≥ 0).
Thus, by (15), we get
B̂ln,q(x|λ) =q
n
ˆ
Zp
(
−λy + x
q
)
n
dµ−1(y)
=qn
ˆ
Zp
n∑
ℓ=0
λℓS1(n, ℓ)
qℓ
(−1)ℓ
(
y −
x
λ
)ℓ
dµ−1(y)
=
n∑
ℓ=0
S1(n, ℓ)q
n−ℓλℓ(−1)ℓEℓ
(
−
x
λ
)
.
(16)
From (8), we have
∞∑
n=0
En
(
−
x
λ
) tn
n!
=
2
et + 1
e(−
x
λ )t
=
2
1 + e−t
e−(1+
x
λ )t
=
∞∑
n=0
(−1)nEn
(
1 +
x
λ
) tn
n!
.
(17)
By (16) and (17), we get
B̂ln,q(x|λ) =
n∑
ℓ=0
λℓ|S1(n, ℓ)|q
n−ℓEℓ
(
1 +
x
λ
)
.(18)
From (15), we can derive the generating function of the Boole polynomials of the
second kind as follows:
∞∑
n=0
B̂ln,q(x|λ)
tn
n!
=
∞∑
n=0
qn
ˆ
Zp
(
−λy+x
q
n
)
dµ−1(y)t
n
=
ˆ
Zp
(1 + qt)
−λy+x
q dµ−1(y)
=(1 + qt)
x
q
ˆ
Zp
(1 + qt)−
λy
q dµ−1(y)
=(1 + qt)
x+λ
q
2
(1 + qt)λ/q + 1
.
(19)
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By replacing t by (et − 1)/q in (19), we get
∞∑
n=0
B̂ln,q(x|λ)
1
qn
(et − 1)n
n!
=e
1
q
(x+λ)t 2
e
λ
q
t + 1
=
∞∑
n=0
En
(
x+ λ
λ
)
λn
qn
tn
n!
(20)
and
∞∑
n=0
B̂ln,q(x|λ)q
−n (e
t − 1)n
n!
=
∞∑
n=0
B̂ln,q(x|λ)q
−n
∞∑
m=n
S2(m,n)
tm
m!
=
∞∑
m=0
(
m∑
n=0
B̂ln,q(x|λ)
S2(m,n)
qn
)
tm
m!
.
(21)
Therefore, by (18), (20) and (21), we obtain the following theorem.
Theorem 2.3. For m ≥ 0, we have
m∑
n=0
B̂ln,q(x|λ)q
m−nS2(m,n) = λ
mEm
(
1 +
x
λ
)
and
B̂lm,q(x|λ) =
m∑
ℓ=0
S1(m, ℓ)q
m−ℓλℓEℓ
(
1 +
x
λ
)
.
For α ∈ N, let us consider q-Boole polynomials of the first kind with order α as
follows:
Bl(α)n,q(x|λ) =
ˆ
Zp
· · ·
ˆ
Zp
(λx1 + · · ·+ λxα + x)n,q dµ−1(x1) · · · dµ−1(xα)
=qn
ˆ
Zp
· · ·
ˆ
Zp
(
λx1 + · · ·+ λxα + x
q
)
n
dµ−1(x1) · · · dµ−1(xα)
=qn
n∑
ℓ=0
S1(n, ℓ)
1
qℓ
ˆ
Zp
· · ·
ˆ
Zp
(λx1 + · · ·+ λxα + x)
ℓ
dµ−1(x1) · · · dµ−1(xα)
=
n∑
ℓ=0
S1(n, ℓ)q
n−ℓλℓE
(α)
ℓ
(x
λ
)
,
(22)
where E
(α)
n (x) are the Euler polynomials of order α which are defined by(
2
et + 1
)α
ext =
∞∑
n=0
E(α)n (x)
tn
n!
.
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From (22), we note that the generating function of Bl
(α)
n,q(x|λ) are given by
∞∑
n=0
Bl(α)n,q(x|λ)
tn
n!
=
∞∑
n=0
qn
ˆ
Zp
· · ·
ˆ
Zp
(λx1+···+λxα+x
q
n
)
dµ−1(x1) · · · dµ−1(xα)t
n
=
ˆ
Zp
· · ·
ˆ
Zp
(1 + qt)
λx1+···+λxα+x
q dµ−1(x1) · · · dµ−1(xα)
=(1 + qt)
x
q
(
2
(1 + qt)
λ
q + 1
)α
.
(23)
By replacing t by (et − 1)/q, we get
∞∑
n=0
Bl(α)n,q(x|λ)
1
qn
(et − 1)n
n!
=e
x
q
t
(
2
e
λ
q
t + 1
)α
=
∞∑
n=0
E(α)n
(x
λ
) λn
qn
tn
(24)
and
∞∑
n=0
Bl(α)n,q(x|λ)
1
qn
(et − 1)n
n!
=
∞∑
n=0
Bl(α)n,q(x|λ)
1
qn
∞∑
m=n
S2(m,n)
tm
m!
=
∞∑
m=0
(
m∑
n=0
Bl(α)n,q(x|λ)
S2(m,n)
qn
)
tm
m!
.
(25)
Therefore, by (24) and (25), we obtain the following theorem.
Theorem 2.4. For m ≥ 0, we have
λmE(α)m
(x
λ
)
=
m∑
n=0
qm−nBl(α)n,q(x|λ)S2(m,n)
and
Bl(α)m,q(x|λ) =
m∑
ℓ=0
S1(m, ℓ)q
m−ℓλℓE
(α)
ℓ
(x
λ
)
.
We consider the q-Boole polynomials of the second kind with order α as follows:
(26) B̂l
(α)
n,q(x|λ) =
ˆ
Zp
· · ·
ˆ
Zp
(−λx1 − · · · − λxα + x)n,q dµ−1(x1) · · · dµ−1(xα).
Then, by (26), we get
B̂l
(α)
n,q(x|λ) =q
n
n∑
ℓ=0
S1(n, ℓ)(−1)
ℓ
(
λ
q
)ℓ ˆ
Zp
· · ·
ˆ
Zp
(
x1 + · · ·+ xα −
x
λ
)ℓ
dµ−1(x1) · · · dµ−1(xα)
=
n∑
ℓ=0
S1(n, ℓ)(−1)
ℓqn−ℓλℓE
(α)
ℓ
(
−
x
λ
)
.
(27)
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From the definition of the higher-order Euler polynomials, we note that
∞∑
n=0
E(α)n
(
−
x
λ
) tn
n!
=
(
2
et + 1
)α
e−
x
λ
t
=
(
2
1 + e−t
)α
e−(
x
λ
+α)t
=
∞∑
n=0
(−1)nE(α)n
(x
λ
+ α
) tn
n!
.
(28)
Thus, by (27) and (28), we get
B̂l
(α)
n,q(x|λ) =
n∑
ℓ=0
S1(n, ℓ)q
n−ℓλℓE
(α)
ℓ
(x
λ
+ α
)
.(29)
From (26), we have
∞∑
n=0
B̂l
(α)
n,q(x|λ)
tn
n!
=
∞∑
n=0
qn
ˆ
Zp
· · ·
ˆ
Zp
(
−λx1+···−λxα+x
q
n
)
dµ−1(x1) · · · dµ−1(xα)t
n
=
ˆ
Zp
· · ·
ˆ
Zp
(1 + qt)
x−λx1−···−λxα
q dµ−1(x1) · · · dµ−1(xα)
=(1 + qt)
x+α
q
(
2
(1 + qt)
λ
q + 1
)α
.
(30)
By replacing t by (et − 1)/q, we get
∞∑
n=0
B̂l
(α)
n,q(x|λ)
(et − 1)n
n!qn
=e
x+α
q
t
(
2
e
λ
q
t + 1
)α
=
∞∑
n=0
E(α)n
(
x+ α
λ
)(
λ
q
)n
tn
n!
.
(31)
and
∞∑
n=0
B̂l
(α)
n,q(x|λ)
1
qn
1
n!
(et − 1)n =
∞∑
n=0
B̂l
(α)
n,q(x|λ)
1
qn
∞∑
m=n
S2(m,n)
tm
m!
=
∞∑
m=0
(
m∑
n=0
B̂l
(α)
n,q(x|λ)
S2(m,n)
qn
)
tm
m!
.
(32)
Therefore, by (31) and (32), we obtain the following theorem.
Theorem 2.5. For m ≥ 0, we have
(33) λmE(α)m
(
x+ α
λ
)
=
m∑
n=0
qm−nB̂l
(α)
n,q(x|λ)S2(m,n)
8 D. S. KIM, Y. S. JANG, T. KIM, AND S.-H. RIM,
and
(34) B̂l
(α)
m,q(x|λ) =
m∑
ℓ=0
S1(m, ℓ)q
m−ℓλℓE
(α)
ℓ
(
x+ α
λ
)
.
Remark. When x = 0, B̂ln,q(λ) = B̂ln,q(0|λ) are called the q-Boole numbers of the
second kind.
Now, we observe that
B̂ln,q(λ)
n!
=
1
n!
ˆ
Zp
(−λy)n,qdµ−1(y)
=qn
ˆ
Zp
(
−λy
q
n
)
dµ−1(y)
=(−1)nqn
ˆ
Zp
(λy
q + n− 1
n
)
dµ−1(y)
=(−1)nqn
n∑
ℓ=0
(
n− 1
ℓ− 1
)
1
ℓ!
ˆ
Zp
(
λy
q
)
ℓ
dµ−1(y)
=(−1)nqn
n∑
ℓ=0
(
n− 1
ℓ− 1
)
Blℓ,q(λ)
ℓ!qℓ
.
(35)
Therefore, by (35), we obtain the following theorem.
Theorem 2.6. For n ≥ 0, we have
(36)
(−1)n
qn
B̂ln,q(λ)
n!
=
n∑
ℓ=0
(
n− 1
ℓ− 1
)
Blℓ,q(λ)
ℓ!qℓ
.
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